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REPRESENTATION THEORY OF O-HECKE-CLIFFORD ALGEBRAS 


YUNNAN LI 


Abstract. The representation theory of O-Hecke-Clifford algebras as a degenerate case is 
not semisimple and also with rich combinatorial meaning. Bergeron et al. have proved 
that the Grothendieck ring of the category of finitely generated supermodules of O-Hecke- 
Clifford algebras is isomorphic to the algebra of peak quasisymmetric functions defined 
by Stembridge. In this paper we further study the category of finitely generated projective 
supermodules and clarify the correspondence between it and the peak algebra of symmetric 
groups. In particular, two kinds of restriction rules for induced projective supermodules are 
obtained. After that, we consider the corresponding Heisenberg double and its Fock repre¬ 
sentation to prove that the ring of peak quasisymmetric functions is free over the subring of 
symmetric functions spanned by Schur’s Q-functions. 
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1. Introduction 

As a (^-deformation of the Sergeev algebra, the Hecke-Clifford algebra HClniq) is de¬ 
fined by G. Olshanski in [21] mixing the Hecke algebra Hn{q) and the Clifford algebra C4- 
When q is generic, if safisfies fhe Schur-Sergeev-Olshanski super-dualify wifh the quantum 
enveloping algebra of queer Lie superalgebras q„. Moreover, the Grothendieck group of the 
tower of Hecke-Clifford algebras is isomorphic fo the subalgebra of symmetric functions 
spanned by Schur’s Q-functions, parallel to the classical case of Sergeev algebras (q = 1) 
[10, §3.3]. For the root of unity case, Brundan and Kleshchev in [7] consider the (affine) 
Hecke-Clifford algebra and relafe ifs represenfafion cafegory with the positive part of the 
universal enveloping algebra for the affine Kac-Moody algebra g = . Recenfly, Mori 

in [20] exfends the method of cellular algebras to the superalgebra setting to study the cel¬ 
lular representation theory of Hecke-Clifford algebras uniformly only requiring fhaf q is 
invertible. In a word, the representation theory of (affine) Hecke-Clifford algebras has been 
widely sfudied; see also [14],[29],[30], efc. 

There still leaves a degenerate case when ^ = 0 and also wifh nice combinatorial as- 
pecf. The O-Hecke-Clifford algebra HCln{0) is firsl considered by Bergeron el al. in [3], 
where fhey mainly conslrucl fhe simple supermodules of //C/„(0), and prove fhe Frobenius 
isomorphism belween the Grothendieck group of the category of finitely generated super¬ 
modules of O-Hecke-Clifford algebras and the Stembridge algebra of peak quasisymmetric 
functions. Since the cellular approach fails in this degenerate case, one needs different tech¬ 
niques to handle its representation theory. In this paper, we dually discuss the category of 
finitely generated projective supermodules. Note that the graded Hopf dual of the algebra 
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of peak quasisymmetric functions is the peak algebra of symmetric groups [25]. Here we 
confirm the Hopf dual pair between the Grothendieck groups of the above two supermod¬ 
ule categories and explicitly relate the projective one to the peak algebra. In fact, there 
already have many nice papers considering towers of algebras together with their corre¬ 
sponding Grothendieck groups, which provide a bunch of (combinatorial) Hopf algebras; 
see [7],[9],[12],[17],[24], etc. 

Recently, Berg et al. in [1] construct a noncommutative lift of Schur functions, called 
the immaculate basis, and then in [2] find fhe correspondence of ifs dual basis fo fhe cafegory 
of finilely generated modules of 0-Hecke algebras under fhe Frobenius isomorphism defined 
in [17]. Inspired by fheir work, we consfrucf a liff of Schur’s Q-funclions fo fhe peak 
algebra and fhus exfracf a new basis from if in [15]. Dually we define a new basis, called 
fhe quasisymmefric Schur’s Q-funcfions, in fhe Sfembridge algebra, whose expansion in 
fhe peak functions is expecfed fo be positive based on concrete examples [15, Conjecfure 
4.15]. If implies fhe chance for a represenfafion fheorefical meaning of such basis on fhe 
supermodule cafegory of 0-Hecke-Clifford algebras. Burying such large! in mind, we wanf 
fo furlher sludy fhe represenfafion Iheory of 0-Hecke-Clifford algebras. 

As an applicafion, we also use fhe corresponding Heisenberg double and ifs Fock rep- 
resenfalion from fhe lower of 0-Hecke-Clifford algebras fo prove fhal fhe ring of peak qua¬ 
sisymmefric functions is free over fhe subring of symmelric functions spanned by Schur’s 
Q-funclions. Such melhod is purposed by Savage ef al. in [24] fo give a new proof of fhe 
freeness of fhe ring of quasisymmefric funclions over fhe ring of symmelric functions. For 
furlher discussion of Iwisfed version of Heisenberg doubles, one can refer fo [22], [23]. 

The organization of fhe paper is as follows. In §2 we provide some notation, definitions 
for all combinatorial Hopf algebras that we involve. Some preliminaries on superalgebras 
and the terminology of towers of superalgebras are recalled. In §3 we focus on the repre¬ 
sentation theory of 0-Hecke-Clifford algebras. Their projective supermodules induced from 
Ihose of 0-Hecke algebras are mainly considered. Finally we clarify a dual pair of graded 
Hopf algebra sfruclures on Iwo Grolhendieck groups of finilely generated supermodules 
and projective supermodules of 0-Hecke-Clifford algebras, whose Frobenius superalgebra 
sfruclures are also figured oul. In §4 we furlher give fhe concrele relalion belween fhe 
Grolhendieck groups defined in fhe previous seclion wilh fhe peak algebra of symmelric 
groups and ifs dual, extending fhe resulls in [3]. In particular for Ihose induced projective 
supermodules, Iwo resfricfion rules and fhe decomposition formula fo indecomposable ones 
are given. As a final application, fhe freeness of fhe ring of peak quasisymmefric funclions 
over fhe subring of symmelric functions spanned by Schur’s Q-funclions is proved. 

2. Preliminaries 

2.1. Notation and definitions. Throughout this paper, we work over an algebraically closed 
field K of characteristic 0 for simplicity. Denote by N (resp. Nq) the set of positive (resp. 
nonnegative) integers. Given any m,n € N, let [m, n] := {m, m + . ,n} if m < n and 0 

otherwise. Also [n] := [l,n] for short. Let 2^”^ be the set of subsets of [n] and Q{n) be the 
set of compositions of n, consisting of ordered tuples of positive integers summed up to n. 
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We denote a n when a € Q{n). Let S IJ Q{n). Given a - {ai,..., ay) n, let £{a) - r 

n>\ 

be its length and define its associated descent set as 

D{a) := {ai,ai + Q' 2 ^ • ■ •, ffi + • • • + cuy-i) Q [n - 1]. 

Given a permutation w = ivi • • • w„ e S„, we also define ifs associafed descent set as 

D{w) {/ € [n - 1] : wt > >v,+i} 

and descent composition c{w) i= n such fhaf D{c(w)) = D{w). Nofe fhaf C(n) —> 2^"' 

D{a) is a bijecfion. The refining order < on S(n) is defined by 

a < 13 if and only if D(J3) c D{a), Va,/3 \= n. 

In general, for a € Nq, lef £{a) = |{/ : at > 0)|. Given a ^ n, fhe corresponding descent 
class of fhe symmefric group S„ is defined by 

Da := {w e S„ : D(w) = D{a)}. 

For a = (ai,..., ay) n, define ifs fhree counferparfs: 

(1) fhe reverse of a, d := (ay,... ,ai), such fhaf D(d) = {/ € [n - 1] : n — i € D{a). 

(2) fhe complement of a,a'^ n such fhaf = [n - l]\D(a)). 

(3) fhe conjugation of a, a* := 

We also recall fhe concepf of peaks. A subsef P c \n\ is called a peak set in \n\ if 
P £ [2, n - 1] and / € P ^ - 1 ^ P. Denote by fhe collecfion of peak sefs in [n], 
^ U ‘^n, and 0„ fhe empty sef 0 in Given a - {ai,... ,ar) n, lef 

rt>l 

P(Qr) {a € [2, n - 1] : A - 1 ^ D{a), x e D{a)} 

be ifs associafed peak sef in [n], while ifs associated valley set V(a) c \n\ is defined by 

V{a) n [2, n\ - {x € {2,n\ \ X - \ € D{a), x ^ D{a)} 

and 1 € V{a) o 1 ^ D{a). Nofe fhaf \V{a)\ = |P(a)| + 1. Given a permufafion w = 
wi • • • € S„, ifs peak set 

P{w) := {/ e [2,n - 1] : Wj_i < w,- > w,+i) ^ P(c(w)). 


Define fhe algebra of noncommutative symmetric functions as fhe free associative K- 
algebra generafed by fhe symbols Pin (n € N) and denote if by NSym [13]. Define anofher 
sef of generators P„ (n € N) in NSym by 

n 

^(-l)‘P,P/„-/ = 5np. 
i=0 

The algebra NSym = ®NSym„ is a Z-graded algebra under fhe gradafion given by 
deg(//„) = n, where NSym„ is fhe subspace of homogeneous elemenfs of degree n. Lef 

•“ •“ ^a\ ' ' * O' “ (^1» • - • ? ^r) ^ 
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If we change base from K to Z, then both {Ha}a\=n and {Ea}a\=n are Z-bases of NSym„, called 
the noncommutative complete and elementary symmetric functions respectively. There ex¬ 
ists another important Z-basis {Ra}a\^n of NSym„, called the noncommutative ribbon Schur 
functions and are defined by 

Ra := 

P>a 

With the coproduct defined by 

n 

( 2 . 1 ) = 

k=0 

NSym becomes a graded and connected Hopf algebra. Moreover, the graded Hopf dual of 
NSym is the algebra of quasisymmetric functions, denoted by QSym [19]. It is a subring of 
the power series ring K[[xi, V 2 ,... ]] in the commuting variables x\,X 2 ,--- and has a linear 
basis, the monomial quasisymmetric functions, defined by 

Ma := Maix) ^ ^ 

where a - {a \,..., varies over the set C of compositions. There is another important 
basis, fundamental quasisymmetric functions, defined by 

Fa ■- Falx) = ^ V;, • • • a \= n. 

i[<"<in 

ik<ik+{ if 


In other words. Fa - Meanwhile, the canonical pairing (•, •) between NSym and 

QSym is defined by 

{Ha,Mjf) - {Ra,Fjf) = 6a,P 

for any a,^ e C. 

Let A be the graded ring of symmetric functions in the commuting variables X\,X 2 ,..., 
with integer coefficients, and Q. be the subring of A generated by the symmetric functions 
qn{n > 1), which are defined by 


«>0 


n 


1 + XjZ 
1 - Xiz' 


Note that Qq := Q is isomorphic to Q[p 2 t:-i : k £ N], where pfs are the power-sum 
symmetric functions. It has the following canonical inner product [•, •] defined by 

[PA,PfA = 

for any partitions A,p only with odd parts, where za Il/si for A = (1"*', 2'"L ...) 
(see [18, Ch. Ill, §8]). Now introduce two Hopf algebra epimorphisms. One is 


9 : A ^ Q, h„ qn, n > I, 
such that 6{pn) = (1 - {-Vf)pn, n>\, and the other is 


TT : NSym —> A, i-^ /i„. 
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called th& forgetful map and satisfying 

(FJ) = {n{F),f), F € NSym,/ e A. 


2.2. The peak subalgebra and its Hopf dual. Introduce 

n 

Qo 1, Qn ^ EkHn-k, n > 1 
k=0 


and also := 0, n < 0 for convenience. Let Qa := Qa^ ■ ■ ■ ® • • • > ^ n. 

Then Qn{n > 1) satisfy the following Euler relations (also called the generalized Dehn- 
Sommerville relation) 

(2.2) Xi = 0, Vn> 1, 

r+s=n 


or equivalently, 
(2.3) 


n-l 

(=1 


( 2 Q „, if n is even, 
0, if n is odd. 


Let Peak be the Hopf subalgebra of NSym generated by (n > 1). Then Peak„ := Peak n 
NSym„ is isomorphic to the peak algebra of the symmetric group S„ when endowed with 
the internal product [3, 25]. For any P € (?„, define 

(2.4) 5p:= 2] P„€NSym. 

P(a)=P 


Then {Hp)pgy^_ forms a linear basis of Peak„ [3, §2]. Note that by [3, Eq.(6)], 


(2.5) 


n-\ 

Qn — 2‘^0„ = 2 R 

k=0 


d,n-h “ ^ 


n > 1. 


There exists a surjective Hopf algebra homomorphism 


0 : NSym ^ Peak, Hn ^ Qn, n>\, 

called the descent-to-peak transform [16, §5], where Ker 0 is the Hopf ideal of NSym 
generated by Y,r+s=n(~^yHrHs, n > 1 [6, Theorem 5.4]. 

Next we introduce the graded Hopf dual of Peak, the Stembridge algebra Peak* of 
peak quasisymmetric functions, defined in [27]. This is a Hopf subalgebra of QSym, with 
a natural basis called the Stembridge’s peak functions. They can be defined by [27, Prop. 
3.5] 

(2.6) irp:=2l^l+' F^,Pe?n, 

a^n 

PQD{a)E{D{a)Fi) 

where Da{D + 1) = D\{D + 1) U (D + 1)\D for any D = {Di < ■ ■ ■ < Dr) £ [n - 1] and 
D+1 :={x+1:x€ D). By [27, Prop. 2.2], we also have 

Kp = Yu P e 

a^n 

PQD(a)U(D(a)+l) 
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and in particular, by [27, (2.5)], 

(2.7) = 

a\=n a\=n 

There also exists a surjective Hopf algebra homomorphism 

: QSym ^ Peak*, Fa ^ Kp(a), 
called the descent-to-peak map. 

Note that Peak can be regarded as a noncommutative lift of Q. The following commu¬ 
tative diagrams illustrate the situation. 

(2.8) NSym Peak , QSym Peak* , 



7T 


s J 


6 


A-A-^ 


where the vertical maps in the second diagram are inclusions. Also, the graded Hopf dual 
pairing between Peak and Peak* is defined by 

(2.9) [•, •] : Peak x Peak* ^ K, [ Ep , Kq] - Spg, P, 2 € T, 
which satisfies fhe following properly [25, Cor. 5.6.], 

(2.10) <0(P),/> = (P,P(/)> - [0(P),P(/)], F € NSym, / e QSym. 

2.3. Preliminaries on superalgebras. We firsf recall some sfandard resulls abouf fhe rep- 
resenfalion fheory of finile dimensional (associalive) superalgebras, referring fo [7, 8]. A 
superalgebra A over K is a Z 2 -graded K-veclor space A = Aq 0 Aj which is also an al¬ 
gebra such lhaf AiAj c A,+j, i,j € Z 2 . Any superalgebra A considered here has fhe unif 
1 = 1/1 € Aq. Given a e A,- (/ € Z 2 ), lef fhe degree of a be \a\ := i. Homomorphisms befween 
fwo superalgebras are usual algebra homomorphisms. For Iwo Z 2 -graded K-vecfor spaces 
F, W, HomK(F W) is Z 2 -graded such lhaf / € HomK(F W)i if /(Vj) c Wi+j, i, j € Z 2 . The 
base field K serves as a one dimensional even space. 

A leff A-supermodule M is a Z 2 -graded K-veclor space M - Mq 0 Mj which is also 
an A-module such thal A,My c M,+y, i, j e Z 2 . Given m e Mi (/ € Z 2 ), also lef fhe degree of 
m be \m\ ■.= i. A morphism f befween fwo lefl A-supermodules M, A is a linear map such 
lhaf f{am) - {-\jf'^'^°'^af{m), a € A, m € M. We denole fhe Z 2 -graded K-veclor space of all 
such morphisms by HomA(M, A). On fhe other hand, M* := HomK(M, K) has the following 
natural left A-supermodule structure: 

(af)im) = a€A,feM*,m€M, 

if M is a right A-supermodule, and the natural right A-supermodule structure: {fa){m) = 
f{am), if M is a left A-supermodule. 

An A-supermodule is irreducible (or simple) if it is non-zero and has no non-zero 
proper super submodules. Then it is either irreducible as an ordinary A-module (called of 
type M) or else reducible as an A-module (called of type Q). 
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All the finitely generated A-supermodules together with their morphisms eonstitute a 
superadditive eategory, denoted by A-mod. Besides, all the finitely generated projeetive 
A-supermodules form a full subeategory of A-mod, denoted by A-pmod. There exists the 
parity change functor IT : A-mod ^ A-mod sueh that IlM is the same underlying veetor 
spaee but with (flM),- = M,+i (i € Z 2 ) and the following new aetion: 

a.m := (—\)^‘^^am, a € A,m € M. 

Note that one ean identify Hom^(M, A),- with Hom^CM, nA),+i for any i € Z 2 , and obvi¬ 
ously the map M ffM, m i-a is a homomorphism of usual A-modules. 

Suppose that y is an automorphism of a superalgebra A. For any M € A-mod, we ean 
twist the left aetion on M with v to define fhe following fwisfed lefl A-module, denofed by 
’'M: 

a.vtn v{a)m, m € M,a € A. 

If V is an unsigned anfi-aufomorphism of A, i.e. v{ab) - v(b)v(a), a,b e A, fhen we ean 
fwisf fhe righf aefion of A on M* wifh v fo define fhe following fwisfed leff A-module, also 
denoted by 

{a.yf){m) f{v{a)m), f € M*,m e M,a e A. 

For any righf A-supermodule M, we use fhe nofafion M’' insfead for fhe righf fwisfed module 
sfruefure wifhouf eonfusion. 

The eafegory A-mod has fhe underlying even subcategory wifh fhe same objeefs buf 
only even morphisms, whieh is an abelian eafegory. Henee, we ean define fhe eorresponding 
Grothendieck group Ao(A-mod) fo be fhe quofienf of fhe free abelian group wifh all objeefs 
in A-mod as a basis by fhe subgroup generated by 

( 1 ) Ml - M 2 + M 3 for every shorf exaef sequenee 0 ^ Mi ^ M 2 ^ M 3 ^ 0 in fhe 
underlying even subeategory. 

(2) M - flM for every M e A-mod. 

Similarly we define fhe Grofhendieek group Ao(A-pmod). For any M e A-mod or 
A-pmod, ifs elass in sueh Grofhendieek group is denofed by [M]. Nofe fhaf fhe nafural 
embedding from A-pmod fo A-mod induees fhe Cartan map 

(2.11) : Ao(A-pmod) ^ Ao(A-mod), 

whieh deseribes fhe mulfiplieify of eomposifion faelors in projeefive modules. Also fhere is 
a eanonieal embedding 

Ao(A-mod) ®z Ao(B-mod) ^ Ko{{A » B)-mod), [M] (g) [A] ^ [M (g A], 
whieh is similarly defined on pmod’s and an isomorphism when ehanging fhe base ring fo 
Q. 

There is a nafural bilinear form 

(2.12) <•, •> : Ao(A-pmod) x Ao(A-mod) ^ Z, {[P], [M]> = dimKHomA(F, M). 

For fhe pair on Kq{{A ® B)-pmod) x Kq{{A ® B)-mod) —> Z, we have 

(2.13) ([P ® Q], [M ® A]> = m, [M])([Q], [A]>. 
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Remark 2.3.1. The pair defined in (2.12) only involves dimensions of homomorphism 
spaces but not their graded dimensions as in [23]. It makes the critical difference since 
the authors in [23] consider the structure of twisted dual Hopf algebras indeed. 


If A is a finite dimensional superalgebra, let Vi,..., be a complete list of non¬ 
isomorphic simple A-supermodules. If P, is the projective cover of T, in A-mod for i = 
1 ,..., r, then Pi,..., P^ is a complete list of non-isomorphic indecomposable projective 
A-supermodules and we have 


Note that 


(2.14) 


i^o(A-mod) = 0Z[T,], Ko{A-pmod) = 0Z[P,]. 

i=\ i=l 


( 


([A], Wj]) = ■ 


1 , 

2 , 

0 , 


if i = j and M,- is of type M, 
if i - j and M, is of type Q, 
otherwise. 


Given two superalgebras A and B, the tensor product A ® B has the superalgebra struc¬ 
ture defined by the following twisted multiplication: 

{a ® b){c ®d) = (-l)'*''^'ac ® bd, a,c e A,b,d e B 

and \a®b\ := |a| -i- \b\ for any homogeneous a e A,b € B. Given an A-supermodule M and 
a P-supermodule N, the tensor product M®N has the A ® P-supermodule structure defined 
by: 

{a ® b)(rii ®n) = (-l)^^l^'”'am ® bn, aeA,beB,meM,neN 
and \m®n\ := \m\ + \n\ for any homogeneous m e M,n e N. 

Lemma 2.3.2 ([8, §2]). If M is a finite dimensional irreducible A-supermodule of type 
Q, then there exist bases [vi,... ,Vn} for Mq and [vi,... ,v„} for Mi such that span^{vi -i- 
vi,..., v„ -I- v„) and span^{vi - vi,..., v„ - v„) form two non-isomorphic irreducible A- 
modules. Moreover, the linear map Jm e End^{M) defined by v,- i-^ v,-, v,- i-^ -v,- is an odd 
A-supermodule automorphism of M. 

Lemma 2.3.3 (Schur’s lemma). If M is a finite dimensional irreducible A-supermodule, 
then 

End A (M) = I }, if M is of type M, 

\span^{idM, Jm), if M is of type Q, 

where Jm is as in Lemma 2.3.2. 


2.4. Towers of superalgebras. Now mainly for 0-Hecke-Clifford algebras, we introduce 
the following important definition (see [23, Def. 4.1]) which extends the original one in [5, 
§3]. Further discussion can be found in [4]. 

Definition 2.4.1. Let A = be a graded superalgebra over K with multiplication 

p ■. A® A ^ A. Then A is called a tower of superalgebras if the following conditions hold: 
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(1) Each graded component A„ is a finite dimensional superalgebra with unit 1„, and 
Ao = K. 

(2) The restriction ® A„ ^ Am+« of multiplication /r is a homomorphism of 

superalgebras for all m,n >0, sending 1^ ® to Im+n- 

(3) For all m,n > 0, induces a two-sided projective A^ ® A„-module structure on 
Am+n defined by 

(a ® b).c ® c.{a ®b) := ciJ.ni,nia ® 

for any a € A^, b € A„, c e A^+n- 


For a fower A = of superalgebras, we define fhe cafegories 

A-mod A„-mod, A-pmod A„-pmod. 

n>0 n>0 

and fhe corresponding Grofhendieck groups 

@(A) := 0^o(A„-mod), 7C(A) 0 ^o(A„-pmod). 

n>0 n>0 


Bofh fhe Carfan map (2.11) and fhe pair (2.12) can be linearly extended fo one for 
lowers of superalgebras. Define 

(2.15) ;y - 0;y„ :-7C(A) ^ @(A), 

n>0 

where is fhe Carfan map (2.11) of A„ {n € N). And 


(•,•> :7<'(A)x@(A)^Z 


by 

(2.16) <[F],[M]>: 


|dimKHomA„(F,M), 

jo, 


P e A„-pmod, M € 
olherwise. 


„-mod for some n, 


For any r e N, write A„j... A„| (g) • • • ® A„^ and define 

A-mod®'' := 0 A„j^....„^-mod, A-pmod®'' := 0 A„j,...,„^-pmod. 

ni,...,nr>0 n[,...,nr>0 

Note fhaf fhe formula (2.13) can be furlher extended on A-pmod®'' x A-mod®'". 

For any o e Sr, define To : A-mod®'" ^ A-mod®'^ lo be fhe functor fwisling module 
sfruclure by fhe following superalgebra isomorphism from A„j. to A„^ 

(2.17) ai ® ® Ur i-A (-l)'^°fl;o-i(i) ® ® ao-i(r), 

where da := ^ i<i<j<r |a,j|a;|. Write tu := Ts-. for shorf. For any M e An _i -mod, 

o(/)>o(J) a (1)’ ’ o (r) 

we denote ils Iwisled A^,. .„^-supermodule sfruclure by '"“M. 

Now we have fhe following resull. 
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Lemma 2.4.2. Given Mi € A,,.-mod {I < i < r) and a € S„, there exists the following 
(even) Af^ n^-supermodule isomorphism 

-.Ml®-Mr ^ ® ® Mo-i(r)), 

m\®---®mrV^ (-1) ® ® 

where d(, := l<i<j<r \mi\\mj\. 

o(i)>o(j) 

Proof. On one hand, 

'F((ai ® ® ar).{m\ ® ® m^)) = ® ® Ormr) 

2i<i<j<r|ajlKi+2 l<i<j<r (|a,|+|m,i)(|aj|+l™yl) 

^ (- 1 ) ® ® 

On the other hand, 

(fli ® ® ar).TfP{m\ <8> ■ ■ - <8) mr) 

2 \<i<i<r {\ai\\aj\+\mi\\mj\) 

= (-1) ® ® «o-‘(r))-("^o-l(l) ® ® «^o-‘(r))> 

^ (- 1 ) “(OX’O) (8) • • • ® 

They are equal since 

^ l«;IKI+ ^ (klK'l + KIKI) 

l<i<j<r l<i<j<r 

o(')>a(j) 

= ^ |ay||m,| + ^ |a,IN;i = ^ |ao-i(y)||mo-i(,)| 

ISKlSr i<i<j<r l<i<j<r 

a(/)<o(j) cr0')>a(j) 

in Z 2 . □ 

Given an even homomorphism f : B —> A of superalgebras, the usual induction and 
restriction functors are defined by 

Indg : B-mod ^ A-mod, Ind^M := A^ N, N € B-mod, 

ReSg : A-mod B-mod, Res^M := Hom 4 (A^,M) = fA ®a M e A-mod, 

where the left B-action on Hom, 4 (A^,M) is defined by {bg){a) = g{af{b)), a € 

A,b € B, g € HomA(A, M), and fhe above isomorphism is given by g i-> 1^ ® g(lA)- 

Now if a fower A of superalgebras is fixed, we abbreviafe Ind^'"^'^ as Ind™"^” and 
Res^"'^^ as Res™"^”, which base on fhe mulfiplicafion p^.n ■ ® An ^ A^+n- Define 

Ind 0 Ind^^”, Res 0 Res™+". 

m,n>0 m,«>0 

We are inferesfed in fhose pair i^(A), Q{A)), which forms a dual pair of graded Hopf 
algebras via such inducfion and resfricfion. For such duality, we also need fhe nofion of 
Frobenius superalgebras (see [23, §6]). 


REPRESENTATION THEORY OE O-HECKE-CLIFEORD ALGEBRAS 


11 


Definition 2.4.3. A finite dimensional superalgebra A is called a Frobenius superalgebra if 
one of the following three equivalent conditions holds: 

(a) There is an even left A-supermodule isomorphism p : A ^ A*. 

(b) There exists a nondegenerate invariant even K-bilinear form (•, •) • A x A —> K such 
that (a, b) = Oifa € Ag, b e A^ or a e Ai,b e Ag, and also {ab, c) - (a, be), a,b,c e A. 

(c) There exists an even K-linear map Ir : A —> K, called the trace map, such that 
ker tr contains no non-zero left ideals of A. 

The relationship between these three conditions is as follows: 

p{b){a) = {-\i‘^'^''‘^\a,b), {a,b) = tr{ab), a,b e A. 

There exists an even automorphism (/? of A satisfying {a,b) = {-Yj°''''^''{(p{b),a), a,b € A. 
This automorphism is called the Nakayama automorphism of A. 

Lemma 2.4.4. Let Ai {i = 1, 2) be two Frobenius superalgebras with trace maps tri {i = 1, 2) 
and Nakayama automorphisms ipi (i =1,2) respectively. Then Ai ® A 2 is also a Frobenius 
superalgebra with trace map tri ® tr 2 and Nakayama automorphism tpi ® ^ 2 - 

For a tower A of superalgebras such that each A„ is a Frobenius superalgebra with 
Nakayama automorphism We abuse the notation to be the automorphism on A„-mod 
and A„-pmod twisting modules by of A„. Then (p is an automorphism of 

A-mod and A-pmod, thus induces an automorphism on 'KiA) and @(A). 

Proposition 2.4.5. [23, Prop. 6.7] Under the above assumption, the induction is conjugate 
right adjoint to restriction with conjugation (p, i.e. for any m,n > 0, M e Am-mod,N e 
An-mod,L e A^+n-fnod, the following functorial isomorphism holds: 

HomA„,„ (l, IndZ^flM ® A)) - HomA„mn (vR<n7^L), M®n), 

where y^Resfff :=((pm® <Pn) ° ResZ^f o <Pm+n- 


3. Representation theory of 0-Hecke-Clifford algebras 

In this section we further study the representation theory of 0-Hecke-Clifford algebras 
in detail, referring to the discussion in [3, §5]. The 0-Hecke-Clifford algebra HClniO) of 
type A is an algebra generated by T,-, 1 < / < n - 1; c^, 1 < j < n, where Tfs generate the 
0-Hecke algebra //„(0) with relations 

Tf = —Ti, 1 < i < n — \, 

TiTj = TjTi, \i -j\> I, 

TiTi+iTi = Ti+iTiTi+i, I < i < n - 2, 

and c/s generate the Clifford algebra Cl„ with relations 

C{ = -1, I < i <n; CiCj = -cfi, i + j. 
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while the two parts satisfy the following cross-relations 


TiCj = CjTi, j t i,i+I, 

TiCi = Ci+iTi, \ < i < n - 

(Ti + l)c,+i ^ CiiTi -1-1), 1 < / < n - 1. 


Let deg(r,) = 0, deg(cy) = 1, then HCI„{0) becomes a Z 2 -graded superalgebra, with a 
linear basis {cdTw : D c [n],w € S„}, where cd ■= Ci^ ■ ■ -Ci^ for D = {i\ < ■ ■ ■ < iV) and 
T„ := T■ ■ ■ Tj^ for any reduced expression w = sj^ - ■ ■ sj^. Throughout this paper, we only 
consider O-Hecke(-Clifford) algebras, thus write 'Hn ■= 'HQn := HClniO) for short. 

First recall the main result about representation theory of 0-Hecke-Clifford algebras 
discussed in [3, §5]. Note that the 0-Hecke algebra 9^n of type A is a basic algebra whose 
simple modules are one-dimensional, and a complete set of non-isomorphic simple modules 
are indexed by the compositions of n. In fact, given a n, the simple module S a ■= is 
defined as follows. 



(3.1) 


We denote by Pa the projective cover of S'q-. It has a linear basis : w e Tia) with the 
module structure given as follows [17, §5.3]: 


-Uw, i e D{w ^), 

Ti.u^ - ■ Us-w, i i D{w~^), SiW e D, 
0 , otherwise. 


(3.2) 


Moreover, for the tower := ®„>o ^n, Krob and Thibon defined the following Frobenius 
isomorphism and its adjoint in [IVj: 

(3.3) Ch : gm ^ QSym, [5„] ^ Ch* : NSym ^ Ra ^ [F„]. 

Both are graded Hopf algebra isomorphisms satisfying 


<F,Ch([M])> - <Ch*(F), [M]>, F € NSym, [M] e @('H). 


Due to Gessel, we know that the Cartan map of “K satisfies the following commutative 
diagram [17, Prop. 5.9]: 


n<m)^gm 


Ch* 


Ch 


NSym —^ QSym 


That is,;k"([PQ,]) = p\, where Va := 7:{Ra) e A is the ribbon Schurfunction of 

shape a. 
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3.1. Irreducible supermodules of O-Hecke-Clifford algebras. A complete set of non¬ 
isomorphic simple supermodules of 'KC„ are parameterized by peak sets and thus denoted 
by {HCIS p). They can be obtained from the induced modules 

Sa '■= Ind^^'’^^, O' 1= n. 

Slightly modifying [3, Theorem 5.4], we have 

Theorem 3.1.1. Let a n,V '.= V(a) c \n\ and Cly be the subalgebra ofCln generated by 
(cvlvev- For any homogeneous c e Cly, define fc e End^{Sa) by 

fciCDda) ^ {-lp^^^CDcr]a, D c [n]. 

If we linearly extend it to all c € Cly, then the map c ^ fc is an even isomorphism from 
Civ to End^efiSa). 

By [3, Th. 5.5, Cor. 5.6] we know that §„ = Sp (even isomorphism) if and only if 
Pia) = Pifi) and 

(3.4) Sa = HCIS la ■.= . 

In fact, we know that for V{a) - {n\,..., n^j, if define the mutually orthogonal even idem- 
potents 

(3.5) 4 ^(1 -P ei V^c„iC„2)(l -i- £2 V^c„3C„J • • • (1 - 1 - £/^ 

where s = (£ 1 ,... ,sif) e {±1}^^“, then Clne^Pa (s ^ {±1}^^“) provide all the simple compo¬ 
nents of Sq.. 

Proposition 3.1.2. Eor any peak set P, the irreducible supermodule HCIS p is of type M 
when |P| is odd, and of type Q when |P| is even. 

Proof By Theorem 3.1.1, we know that End-^e„(‘?Q') - Cly for any a n and V := V{a) c 
\n\. Since |T(a)| = |P(q')| + 1, by Schur’s Lemma we only need to prove that there exists an 
odd automorphism of Sq, stabilizing any simple component of it if and only if |T| is odd. 
First for any even idempotent e% in (3.5), it is easy to check that 

g _ (cie^, i^{ni,...,n2ij, 
l^ael , I e {nu...,n 2 ij, 

where V = {n\,...,ns} and obtained from e by only changing the sign ej if i € 

{n 2 j-i,n 2 j} £ V. It means that the map fc^ (E c V) defined in Theorem 3.1.1 stabilizes any 
simple component of Sa if and only if \E n {n 2 j-i,n 2 j}\ is even for all j = 1,..., la- Hence, 
if we need to be odd and satisfies fhe stability condition, then V must be odd too. □ 

Denote _ _ 

g := QfH), % - -TCf-K), Q QifHt), TC := ‘KifHt). 

In [3] Bergeron et al. nicely define the following Frobenius isomorphism for the tower of 
0-Hecke-Clifford algebras: 
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which satisfies the following commutative diagrams (as a categorification of the descent-to- 
peak map): 


(3.6) 


§ 


Ind.C 


Ch 


§ , [5„]i--[5„] 

Ch 


QSym-^ Peak* Fa i-^ 


P(a) 


(3.7) 


§ 


Res^ 


Ch 


Q , [SJ H 

Ch 


Peak*-^ QSym 


[Res^^^S^] 


Kp(a)\ - 


+1 


/’(Qr)cD08)A(£>(^)+l) 


where Ind^*^ 0^>Qlnd^^^'' and Res^^ := 0„>oRes; 


'He„ 


Fn ■ 


3.2. Projective supermodules of O-Hecke-Clifford algebras. In this subsection we con¬ 
sider the category of finitely generated projective supermodules of 0-Hecke-Clifford alge¬ 
bras, which is lack of discussion in [3]. So far it is not so easy to construct the indecom¬ 
posable one directly, we similarly consider the induction from the projective modules of 
0-Hecke algebras. Define 


Pa ■■= lnd!j^^"Pa, a \=n, 

which becomes a projective 'KC„-supermodule. 

Since FlQn is a free right 'K„-module of rank 2", we can write a basis for Pa as 
{cbUw '■ D c [n],w € Dq,) for short. Via the defining relation of FlQn, we get the fol¬ 
lowing commutation relations: 


(3.8) 


TiCo 


coTi, 

C{D\{i])U{i+l]Ti, 

C(D\|(+1|)u|(|(7’( + 1) - CD, 
-CoiTi + 1) + 


/, / -h 1 ^ D, 
i e D, i + \ i D, 
i i D, i + \ e D, 
/, / -i- 1 c D, 


for any D c [n], i = I,... ,n- 1. Combining these relations and the module action (3.2) of 
Pa, one can describe explicitly the module structure of Pa for any a i= n. 
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For example, the module structure of Pi 2 can be depicted explicitly by the following 
graphs (separated into two Z 2 -graded components): 


2i30-7'2 


2130-^2 



2i30-P 3i20-P M20-7’2 3120-^2 2130-P 3i20-P M2O-P 312Q-7’2 



where we use w e I)q. to represent u^, and put dots on the heads of those numbers to 
represent basis elements cdu^, e.g. we abbreviate C{i 3 |M 213 as 213. 

By relation (3.8), one easily gets the following result. 

Lemma 3.2.1. For any w e S„, D c [n], 



for some integers aE,v, where Iw,d '■= \{U j & D : i < j,w(i) > w(j)}\, w{D) {w{i) : i e D] 
and < stands for the Bruhat order of 

3.3. Dual Hopf algebras arising from 0-Hecke-Clifford algebras. In this subsection, we 
check a series of axioms for the tower of 0-Hecke-Clifford algebras in order to show that 
(TC, Q) forms a dual pair of graded Hopf algebras. One of the key steps is to define a proper 
Hopf pairing. 

First the Mackey property of 0-Hecke-Clifford algebras is easy to proved by mimicing 
the nice approach in [7, §2-h.] for affine Hecke-Clifford algebras. That guarantees both of 
the Grothendieck groups TC and Q to be Hopf algebras via the induction and the restriction. 
One can also refer to [11, Theorem 2.7], [24, Prop. 4.3] for the case of Hecke algebras. 

For the sake of completeness, we sketch the proof steps as follows. For any a - 
(ai ,..., ar) n, define 'KSq. ’HCq., ® ® ‘KCq.^, embedding as a parabolic subalgebra 

of FiGn- Similarly define fhe subalgebra F(a of F(n- 

Given a,fS n, lef := {si : i ^ D{a)} be fhe Young subgroup of S„, denote the 
set of minimal length left S^-coset representatives in S„, and 9?“^ for the one corresponding 
to right S^-coset. Then 'iiajt ■= is the set of minimal length (S„, S^)-double coset 

representatives in S„. For any x e So-rixS^x"^ and x~^ So-xfiS^ are Young subgroups 

of S„, thus we can let a D xfi and n/3 to be the two compositions of n such that 


n X<5/}X ^ = Qanx/}, X ^ SaX n S/j = S_,-i 


F * an/l • 


Now it needs several technical lemmas as follows. 
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Lemma 3.3.1. For any x € ‘^la,/ 3 , the subspace FtQaTFHp ofFfQn has basis {CdTw ■ D c 
[n^,w e Sq,xS^). Moreover, 

FlQn = 0 

XSSRaJ} 

Fix some total order -< refining the Bruhat order < on For x e 91a,y3, let 

:= 0 FiQaTyFip, := 0 FlQaTy^Hp, 

ye.'^aj},y<x ye‘iiafi,y<x 

and Sx tB<xltB^x- By Lemma 3.2.1, we know that tB<x (resp. tB^x) is invariant under right 
multiplieation by CZ„. Henee, is an ('KSQ.,'KS; 3 )-bimodule filtration of FiQn- 

Lemma 3.3.2. For any x e there exists an algebra isomorphism 

0 — • 'FfCanxyS ^ *hlQx^^ar\p 

with (p{T„) ^ (f){ci) = Cx-\(i)for w e Ganxp, 1 > i > n. 

Lemma 3.3.3. ViewFlQa as an {F(Qa,'h(Qanxp)-bimodule andFlQp as an {FlQx-^atyp^'hbQp)- 
bimodule. Then ‘t’FlQp is an {FlQanxp,‘hlQp)-bimodule and 

3x ^ TdQa ‘^'hlQp, uTxV + 3^x u®v,ue FlQa, v € FlQp 

is an isomorphism of{'F{Qa,'h{Qp)-bimodule. 

Theorem 3.3.4 (Maekey Theorem). Let a,j3 n and M be an LdQp-module. Then the 

<j-(Q 

FlQa-module Res^^Ind^^^M admits an FlQaSubmodule filtration with subquotients iso¬ 
morphic to Indl^ ^ {^Res^^ ^ M^, one for each x e ‘iia,p- 

Espeeially when a,/3 both have two parts, Theorem 3.3.4 implies that Q has graded Hopf 
algebra strueture under induetion and restrietion. The ease for TC is similar, sinee Sx is 
projeetive as a left 'KCa-module. 

In order to prove the Hopf duality between TC and 0 by Prop. 2.4.5, we eontinue to 
show that ^ Frobenius superalgebra. It is straightforward to eheek that 

Proposition 3.3.5, There exist two even algebra involutions (p,(p' for the 0-Hecke-Clijford 
algebra FI S„, defined by 

(p{Ti) — Tfi-i + Cfi-iCfi+i-i, i — 1 , ... ,n — 1 , 

‘piCj) = -Cn+l-j, j=h...,n. 

ip'{Ti) = -{Tn-i + l), - 1 , 

tp'iCj) = -Cn+i-j, j^l,...,n. 

There exist two unsigned even algebra anti-involutions if, if' ofFlQn defined by 

if{Ti) = Ti + CiCi+i, i = \,...,n-\, 
ificj) = -Cj, j =l,...,n. 
if'{Ti)^-{Ti + l), /=!,...,«-1, 
if'lcj) = -Cj, j =l,...,n. 


(3.10) 
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Proposition 3.3.6. The 0-Hecke-Clijford algebra TlQn Frobenius superalgebra with 
even trace map 

trn • Fl^n ^ ]K, trf^iCiyT^^ — ^ ^ 

where wq is the longest element of S„. Moreover, ip is the corresponding Nakayama auto¬ 
morphism. 


Proof. We only need to prove that ker tr„ contains no non-zero left ideals. Suppose / is a 
non-zero left ideal of 'KS„. We choose an element b - dew b^^wCoTw ^ f\{0} and let o 

W£S/7 

be a maximal length element in the set {w € S„ : 0 for some D' c [??]). Then by 

Lemma 3.2.1 we have 




1Z?) bjf)' ^{D')^wqo 


Thus I ^ ker tr„. To show that tp is the corresponding Nakayama automorphism, it suffices 
to show that 


(1) trfi{c[)TfTi) — trflifrfi—i -I- Cn—iCfi+\—i)C[)T^), 

(2) trnicoT^Cj) = {-\)^^hrn{-Cn+l-jCDT„) 

for all / e {1,... ,n - 1),7 € {1,... ,n),D c [n] and w e S„. 

For (1) we break the proof into four cases as in [24, Lemma 4.2]. When w = wqsi, 
trnicoTwTi) = trnicoTwf) = 603 - On the other hand, 

^^n(.(Tn—i + Cn-iCfi+l-i)CDTw) — trnicSn-i{D)Tn-iTw) 't- trn{Cn-iCn+\-iCDT.f) 

— s„-i(D)Twf) ~ bu Q, 


where we use relation (3.8) for the first equality and the identity wq^; = Sn-iWo for the 
second last one. 

When w - wq, trnicoTwfTi) = -IrnicoT^^) = -d£), 0 - On the other hand, if D 7 !: 
0, [n - n -I- 1 - /}, then trn{(Tn-i -t- Cn-iCn+i-dcoTwf) = 0 by relation (3.8). Otherwise, for 
D = 0, 

tfnifTfi—i -P Cfi—iCii+i—i)T^^f) — ~tr,j{Tmf) — —1. 

For D = {n - i,n + \ - /), 

tfuifTn-i + Cn-iCn+l—i)Cn-iCn+l-iTwo) — trn(S~Cn-iCn+\-i{Tfi-i -I- 1) -P + tr^il—Ty^f) 

— tfn(.~Cn-i('n+\-i(Tfi-i + T)T^f) — 0. 


The rest two cases when €{w) < tiwf) - 2 or i{w) - f’(wo) - 1 but w + wqSi are similar to 
check. For (2), 

truiCoTwC f) — tfn(.('D('w(j)Tw) — ~d£)|n,(j)|d W,VF0 “ -bD,{n+l- j\bw,Wo — {-\)^^^trn{-Cn+l-jCDTw). 


□ 


Proposition 3.3.7. For any a n, 

(1) we have a supermodule isomorphism between S and '^{S a) of degree h, sending 
CDha- to {-lf^^^ip{cD)c[n]Pa- In particular, '^{HCIS p{a)) = HCIS p(cpy 
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(2) we have an even supermodule isomorphism between Sa* and'f {So), sending coPa* 
to tp'(cD)Pa- In particular, ‘f (HCIS p^a)) = HCIS p(q.*). 

(3) we have an even supermodule isomorphism between S a and *^(5*), sending coPa 
to CD-ij/^a, where is the dual of pa with respect to the standard basis [coPa] of SIn 
particular, 'f'(HClS p*) = HCIS pfor any peak set P in [«]. 

(4) we have a supermodule isomorphism between S a and ^ (5*) of degree h, sending 

CDPa to where is the dudl of c^fi^T](y with respect to the stcifidcird hcisis 

{cDda} ofSa- particular, ^ {HCIS p*) = HCIS pfor any peak set P in [n]. 


Proof (1) From relations (3.1) and (3.8) we have 


Pi’ip^[n]da ~ (Pfi-i "I" Cn-iCn+\-i)'^{n\^a ~ ^{n\(Pn-i P)-da ~ 


J ^\n\nat> 

jo, 


if i e D(a*), 
otherwise. 


<T-fp ~ 

Henee, there exists an ‘K„-module homomorphism from S a* to Res^ " '®(5' a), sending pa* 
to C[n]Pa- By the universal property of induetion funetors, we obtain an T-f S„-supermodule 
homomorphism from Sa* to ‘^{Sa) sending cuPa’ to {-Vf-''^''ip{cD)c[n\Pa- It is obviously 
surjeetive thus an isomorphism by dimension argument. 

Meanwhile, for any / e [2, n - 1], 


i € P(a) o i € D{a), / - 1 ^ D{a) n — i ^ D{a*), n + 1 - / € D{a*) o n + 1 - / € P{a*), 


which means that |P(q')| = |P(a*)|, thus HCISp(a*) = ‘ffHClSp(a)) by (3.4). 
(2) From relation (3.1) we have 


Ti-tp'Pa ~ (Tn-i "I" ^fPa ~ 



if i € D{a*), 
otherwise. 


*T~{C ' ~ 

Hence, there exists an ‘7-f„-module homomorphism from S a* to Res.^ " ^ (5 „), sending pa* 

rin 

to Pa- The rest of the proof is nearly the same as (1). 

(3) By relation (3.8) we have 


Ti-ijji^aipDPa) — (adTi OiCi^i).CDPa) — i-Pa) 


i-1, ifD-0,/€D(Q;), 
lO, otherwise. 


That is, Ti.^^a - -^a if i £ D{a) and 0 otherwise. Hence, there exists an -module 
homomorphism from S'q, to Res.^ " ^(5 *), sending pa to ^a- Again by the universal property 
of induction functors, we obtain an ‘7-(S„-supermodule homomorphism from 5 q, to ^(5*), 
sending coPa to CD-^Ca- It is also obviously surjective thus an isomorphism by dimension 
argument. 
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(4) By relation (3.8) we have 

~ ~^D,[n]^aii~^[n]Ti + ;+ 1 |).? 7 q ') — ^D,[n]^ai^[n]Ti-T]a} 

_|-1, ifD = [n],ieD{a), 
lO, otherwise. 

That is, = -^a if i ^ D{a) and 0 otherwise. Henee, there exists an ‘Kn-module 

homomorphism from S'q, to Res.^ " ^ sending rja to ^q,. The rest of the proof is nearly 
the same as (3). □ 

For any m,n € N, denote ‘Km.n := “Hm ® "Hn, 'HQm,n ■= “HCm ^'HQn- Let in : "Hn ^ 
^Qn, IJ^m,n ■ 'Hm,n ^ "Hm+n, fim,n ■ "HQm,n ^ "HQm+n be the natural embeddings. 

Proposition 3.3.8. For the tower of 0-Hecke-Clifford superalgebras, we have an isomor¬ 
phism of functors 

,pRes = ti 2 o Res 

on "HQ-mod (hence also on HQ-pmod). 

Proof For any m, n € N, let Res™'^” := Res^p”"^" and <Pm® ^n- It needs to prove 

that there exists an isomorphism of funetors from ‘KSm+n-mod to ‘TFSm.n-mod: 

(3.11) <Pm,n o Res^;;" o = T 12 o Res;;;:". 

By the definition of the Nakayama automorphisms (pn (n € N) in (3.9), we have 

y^m+n ° /im.n “ Pn,m ° ^n,m ° /l2> 

where f \2 ■ HQm ®HQn HQn ® HQm is the flip isomorphism (2.17). Henee, the LHS 
of (3.11) is 

whieh is exaetly the RHS of (3.11). □ 

Proposition 3.3.9, For the tower of 0-Hecke-Clifford superalgebras, we have an isomor¬ 
phism of functors Res = ti 2 o Res on HQ-pmod. 


Proof For any m, n € N, let Lm,n '■= i-m ® First note that the following isomorphism of 
funetors from ‘Km+n-mod to ‘KSm,n-mod holds: 


/^"••"{HQm+ny"'^" - = Qf^Qm.ny"'-" (^“•"CK^+n)'""" -). 

In partieular, for a m + n, we ehoose Pa € ‘Km+n-pmod to get that 


(3.12) 


Res, 


= ^"'’^{HQm+ny"'^” Pa = {HQmJ’”^ ReS^"«P„ 


Pm 



20 


LI 


Now by Lemma 2.4.2, we have 



As NSym is cocommutative, so is 'Ki'H) by the Frobenius map (3.3), i.e. Res = t \2 ° Res 
on ‘K-pmod, thus it also holds on TYC-pmod by the above discussion. In fact, if write 
[ResRff] = Yj Cai a 2 ^^a\^ ® [^’< 12 ] (^hc explicit formula is described by the shuffle product, 
see [19],[28, (16)]), then by (3.12) we simply have [ResPJ - Y ® \-Pa 2 ^■ ^ 

By Prop. 2.4.5, 3.3.6, 3.3.8, 3.3.9, we finally conclude that (96, Q) forms a dual pair of 
graded Hopf algebras with respect to the pair (2.16). That is, for P,Q& “KC-pmod, M,N e 
•He-mod, 


<Ind([P] ® [Q]), [M]> = <[P] ® [(2],Res[M]>, 
([P],Ind([M] ® [A])> = <Res[P], [M] g) [N]). 


It is easy to see that there exists an algebra involution ip of 'Hn defined by 

ip{Ti) = Tn-i, i= 1. 


ip is also fhe Nakayama automorphism of ‘Hn [24, Lemma 4.2]. Now we have fhe following 
resulf 

Proposition 3.3.10. For any a n, 



Proof. For fhe fwisfed module ‘^S a, we have 



which implies fhe firsf isomorphism. 

For fhe second one, we note fhaf for any w = wi • • • >v„ € 

w € X)q; o w, > w,-+i, i e D(a) o wowwo(/) > wowwo(i + 1), / e D(a) o wowwo e !)«. 

Thaf is, woT>aivo - 3)^ and also i e D(w) n - i € D{wowwo). Hence, by fhe module 
sfrucfure (3.2) of P^, we know fhaf for any w € I)„, 


-u„, n - i € D{w ^), 


Ti-ifUw — Tn-i-^w ~ ' ^ D{w ), Sn-iW £ TIq-, 


0, ofherwise. 
-u^, i £ D((wowwo)“^), 


^ i i T>((woWIVo) ^),WQSn-iWWQ = SiWQWWQ £ Da, 


0, ofherwise. 
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Hence, ^ “wowwo’ w e T>a gives the second isomorphism, where : >v e Sg-} is the 
standard basis of P^. □ 


4. From 0-Hecke-Clifford algebras to the peak algebra of symmetric groups 


In this section we inherit the known result in [3] to clarify more explicitly the relation 
between (Peak, Peak*) and the supermodule categories of 0-Hecke-Clifford algebras, espe¬ 
cially the dual Hopf pair (TC, Q) discussed in the previous section. Then we consider the 
corresponding Heisenberg double in order to prove the freeness of Peak* over O. 


4.1. From TC to Peak. First of all, we define the adjoint map of the Frobenius isomor¬ 
phism Ch relating two non-degenerate pairs [•, •] in (2.9) and (•, •) in (2.16). That is a Hopf 
isomorphism Ch : Peak ^ TC satisfying 

[F,ar([M])] = <^*(F), [M]>, F e Peak, [M] € g. 

The following result provides the explicit form of Ch : 


Theorem 4.1.1, For any composition a, we have 
(4.1) ai\(d{Ra)) = [P„]. 

Moreover, the following commutative diagram of Hopf algebras holds: 






Ch- 


K- 

Ch 


X 


Q 

Ch 


NSym ^ > Peak —^ Peak* 


where X '■'K ^ Q is the Cartan map of 0-Hecke-Clifford algebras. In particular, Imx = Fl. 


Proof Given compositions a,yS, we have 

(Oi*(©(/?„)), [S^]> - mRa),^{[Sp])] - </?„,Ch([Res^‘^S^])> 

- <Ch*(RJ,[Res^‘^S^]> - <[PJ,[Res^‘^S;3]> 

Palis p]) = {[Pa],[Sp]), 

where the second equality is due to (2.10) and (3.7), and the second last one bases on the 
fact that induction functor is left adjoint to restriction. Since the pair (•, •) is non-degenerate, 
we get the desired formula, equivalent to the left commutative square. 

For the right commutative square, we only need to prove that 

^ox{[Pa])=7roe{Ra) 

by formula (4.1). The module structure (3.2) of Pa{a i= n) and Lemma 3.2.1 imply that 
if fix a fofal order -< refining fhe Bruhaf order on Tq., fhen Pa has a super submodule fil- 
frafion where {cdUz '■ D c [n],z e < z). Also, fhe subquofienf 
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Hi Y.w<z H = “^cCw-i) for any w e I)„. Hence, 

^ox{[Pa])= Yj ^(5c(>v- 1))- 2] ^P(w-‘) 

weXJq- weX^q. 

= 2^ Kw e S„ : w € Dq,, w ^ e '^j3}\Kp(js) = rci)Kpq}) 

yS P 

= Y^Tj H^^Rcd)Kp = Y<^P^ra)Kp''^=^^ 

p p(fi)=p p p 

= ^iPa) 0 ° P^{Ra) ^ ° &{Ra), 

where the fourth equality is due to the following well-known formula of Gessel (see [17, 
Prop. 5.9]): 

{R/3, Pa) = {Ra, rp) ^ |{w e S„ : w € T)q,, w“^ e D/j)!. 

□ 

Corollary 4.1.2. For any composition a, we have the following decomposition formula: 

(4.2) P„= 0 HClPp(pH‘'^lp-=[^^\> 

P(P)cD(a)A{D{a)+l) 

where we use HClPp to denote the projective cover ofHClS pfor any peak set P. 

Proof From [3, (6)] we know that 

(4.3) 0(PJ = 2] 2l'’l+i5p. 

PQD{a)A(D{a)+\) 

Now by Theorem 4.1.1, 

([P«],[S/j]> = [0(P„),Ch([5^])] = [0(PJ,i^PO8)] 

_ if P{f) c D{a)A{D{a) + 1), 

lO, otherwise. 

Combining it with (2.14), (3.4) and Prop. 3.1.2, we get the desired decomposition of Pa- □ 

In particular, the generator Qn = 0(P(„)) corresponds to the projective simple supermodule 
[A«)] = [‘5(n)] = [HCIS^J = [T/CZPqJ viaOi* and 

([-P(n)], [5/3]) = 

also due to Schur’s Lemma as the simple supermodule HCIS$^ is of type Q. Note that in 
the classical case, q„ € Q. corresponds to the basic spin module Cl„ of the Sergeev algebra 
C/„ x KS„ under the Frobenius isomorphism [10, §3.3]. 

Now we abuse the notation to denote by ip the Hopf algebra anti-involution of NSym 
such that (p{H„) = H„{n € N). Note that ip{Ra) = Ra- Meanwhile, since (c(Ker 0) = Ker 0, 
ip induces a Hopf algebra anti-involution of Peak, which we abuse to denote by p, then 
p o @ @ o ip. 

We are in the position to prove the following restriction rule. 
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Theorem 4.1.3. For any composition a, the following commutative diagram of Hopf alge¬ 
bras holds: 


where i : Peak 
(4.4) 


-TC 


Res^ 


n< 


or 


'K - 


Ch 


Ch- 


iLOlOin 

Peak -^ NSym 


Ch 


Ch” 


lO(p 

Peak -^ NSym 


NSym is the natural inclusion. Equivalently, for any composition a, 
P(P)QD{a)A(D{a)+l) 


[Res^^Pa] = 


Proof By Prop. 3.3.10, the above two diagrams are equivalent. Sinee Res^*^ : ^ TC is 

easily eheeked to be a Hopf algebra homomorphism, using formula (4.3) we only need to 
prove for the generators Qn {n € N) that 

(4.5) [Res^%)] = Ch*(^ o / o ^((2„)) ^ ^ 2 [P^] = 2 n e N. 

POS)=0„ A:=0 


For P(„) ^ 5(„), vd '■= CDPin) {D c [n]) form a basis. By (3.8) 


-Vd + Vz)\p-,i+l|, 


Ti-Vo - { 


-Vd + V(£)\{,+i|)up|, 


io. 


if i, / + 1 G D, 
if / ^ D, / + 1 e D, 
otherwise. 


Define a partial order < on sueh that D eovers D' if i, / + 1 ^ D' and D = D' U {/, / + 1), 
or i € D',i + 1 ^ D' and D = {D'\{i}) U {/ + 1) for some i € [n - 1]. We denote sueh 
eovering relation by D' <i, D. For any 0 < k < n - 1, take £ [«] to be one of the two 
sets {n - k + 1,..., n)\{l) and {1} U {n - k + 1,..., n) with odd eardinality. Define 

Vn,k ■= VD„t, + ^ euVD e P{n), 

D 

where the sum is over those D < Dn,k sueh that D • • • <i,^ for some f,... ,ir € 
[n - k,n- 1], and eo is the sign of length of any ehain in 2^”^ from D to D„y;. Then 

^ ^ _ jo, if/£{!,...,«-k- 2 ), 

’ if / e {n - k,... ,n - 1). 

Meanwhile, !>(„_<:,i*) = {wi • • • e S„ : wi < • • • < Wn-k > Wn-k+i > ■■■ > w„) for 
0 < k < n - 1, and the projeetive P/n-module P{n-k,d) is generated by ui...(n-k-i)n(n-\)-(n-k:)- 

Now one ean eheek that the homogeneous eomponent {P{n))i - '^n-Vn,k and the iso¬ 
morphism F(n-Vn,k = Vn,k ^ ui...(^n-k-mn-i)-{n-k) holds. Define ^ analogous to 

Dfi^k but with even eardinality and then analogous to Vn,k- Then {P(n))o = ^1=0 '^'^■^'nk 
and F(n-v'^i^ = P(n-kN) as in the odd ease. Finally, we prove formula (4.5) and thus the 
eommutative diagrams. 
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In general, by formula (4.3) 

GiRa) = 2] 

P(Ji)cD(a)A{D{a)+r) 

Then by (4.1) and the eommutative diagram, we get the desired restrietion rule (4.4). □ 

Example 4.1.4. For n - 5,k - 2, the diagram of F( 3 j 2 ) is as follows. 


^-T^-Ta 
Ml 2543 

T 2 


0-7’2 -7’4 


O-ri-7’4 


^-Ti-T3 

^-Tu-T2 

M13542 


M2354I 


M24531 

M 3452 I 




Ti 

T2 






Now D 5 2 = {1,4,5) and V 5,2 - ^ 11 , 4,51 - - V|i} + V|i 3 , 4 |. It is straightforward to eheek 

the isomorphism Els.vs^ = ^(3,F)’ ^54 mi 2543 - 


Next we give another kind of restrietion rule for the indueed projeetive modules. 
Identifying E(n-i (resp. ElQn-i) with Eln-\,\ (resp. 1 ), we have the embedding 

Pn : "Hn-I "Hr, (resp. pn : "HQn-i "HQn) defined from/i„_ij (resp. Pn-\,i)- 


Theorem 4.1.5. For any a = (ai,..., a^) ^ n, we have 




/ \ 

®2 

f \ 

(4.6) 


0 

l<i<r 

K aj>l J 

© 

0 ^<0 

s «/>! / 

where »(,•) 

:= (ai,...,Q;,_i,o;,—1 ,q;,+i,... 

, ar), = 


{a2,...,ar) 


®25„j,i 


. , ar). 


Proof. First note that we have the following isomorphism of funetors on 'K„-mod. 

/ \®2 
^"(*He„)'" - = ((‘He„_i)‘"-> -) 

CdTw {Cd®Tw®-, 0 ), CoCnTw ® {0, Cd ® T„ ® -) 


for any D c [n - 1], w e S„. In partieular, 

= ^"eKe„)'" Pa = (CKen-i)'"-' , 

whieh reduees formula (4.6) to 



/ \ 

0 

© 

f \ 

0 


l<i<r 

V q :/>1 / 


l<i<r-\ 

\ aj>\ J 


For example, ^^^( 1 , 2 , 2 ) = P{ 2 , 1 ) ® F(i 2 2 ) ® F(i, 3 ) © F(i, 2 ,i)- 

Reeall that Pa has basis {u^ : w e Dq,) with module aetion (3.2). Let k, := ai + ■ ■ ■ + 
Oi, / = 1,..., r. It is easy to see that the /s sueh that Wj = n for some w = wi ■ ■ - Wn € Da 
are those satisfying j = k, with / = 1 or 1 < / < r, a,- > 1. Now for any sueh j = k,, denote 
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:= {w e T)a : Wj = n} and := spanj^ln^ : w € We need to deal with three 

cases. 

If 1 < j = kj < n,ai > 1, then {uw ■ w e > Wj+\} spans the projective 

-module Pq-j,.,. Modulo these vectors, the quotient space of P^^ spanned by {u„ : w € 
D^^iv;-! < Wj+i) is isomorphic to another projective ‘K„_i-module P^' . If j = ki = a\ = 

1, then P'-^^ spans P(„ 2 ,If j = K = n,ar > 1, then P^''^ = P„„ := P(ai,...,a,.-i,a,-i)- In 
summary, we get the desired formula. □ 

4.2. Application: Peak* is free over Q. Finally we consider the Heisenberg double arising 
from {'K,Q) in order to prove that Peak* is a free Q-module using the method of Savage et 
al. in [24]. In general, given a graded Hopf pair (fK{A),Q{A)), there exists a left action of 
TCCA) on @(A) such that ^(A) is a TCCAj-module algebra. It is defined by 

[[Hom^i- (P, ^"-''Res't" _ . m) 1 , P € A,-pmod, M € A„-mod, i < n, 

(4.7) [PI.[Ml < L 'I )J ’ < f ’ « , _ , 

|0, otherwise, 

where yn-u ■ A,- —> A„_; ® A,-, a i-> 1„_/ ® a is the natural embedding. Note that for the 
Cartan map;y, @proj(A) := Im;y is stable under such action, thus a submodule of @(A). Now 
one can define fhe following two kinds of Heisenberg doubles: 

(4.8) h(A) @(A)#7C(A), hproj(A) := @proj(A)#7C(A). 

The notation # means smash product construction onH ® B from a Hopf algebra H and an 
//-module algebra B. 

Let 

H- := -7C(A), //*- := @(A), //p+„j := @proj(A), h := f)(A), hproj hproj(A). 

Then becomes a left h-module, called the lowest weight Fock representation, where 
acts by left multiplication and H~ acts by formula (4.7). For any f)-module F, v € F is 
called a lowest weight vacuum vector if H~v = 0. 

From now on, we focus on the case when the tower A -FIQ. 

Lemma 4.2.1. Suppose F is an bpwj-fnodule generated by a finite set of lowest weight 
vacuum vectors. Then F is a direct sum of lowest weight Fock representations. 

Proof. By the Stone-von Neumann Theorem for Heisenberg doubles [24, Theorem 2.11] 
and Theorem 4.1.1, we have hproj • v = as an irreducible hproj-module over K for 

any lowest weight vacuum vector v € F. Now the same argument in [24, Lemma 9.1] gives 
the complete reducibility of F. □ 

For any jS ^ 7 ^ iyi,---,7 s), let/? • y := (fu ... ,Pr,yi, ■ ■ ■ ,ys), then 

A{Ma) = Yjpy=a Mp g) My. Since P is a Hopf algebra epimorphism, Na := PiMa) (a e C) 
span the Stembridge algebra Peak* and 

A((V„)= J] Np^Ny. 

p-'y=a 


26 


LI 


Define an inereasing filtration of I)proj-submodules of Peak* as follows. For n € No, let 

(Peak*)W:= 

t(a)<n 

In particular, (Peak*)^*’) Q and by convention we also let (Peak*)*^“^^ := 0. 

Proposition 4.2.2. The space Peak* of peak quasisymmetric functions is free as an Q.- 
module. 

Proof For any composition a such that £{a) = n, by the grading argument of [•,•], 

Qm.Na - 2] [Qm,Ny]Np £ (Peak*)(”-i\ men. 

P-y=a 

Hence, in the quotient := (Peak*)^”V(Peak*)*^”“^\ such Nfs are lowest weight vacuum 
vectors. Clearly these vectors generate and thus by Lemma 4.2.1, 

Vn = f^-V, 

v&Lf] 

where L„ is some collection of vacuum vectors in F„. 

Consider the short exact sequence of Q-modules 

0 ^ (Peak*)(”“P ^ (Peak*)^”) ^ ^ 0. 

Since is a free D-module, the above sequence splits. Now (Peak*)^*’^ = Q, so we know 
that all (Peak*)(”) {n e Nq) are free over Q by induction on n. It means that we can choose 
nested sets of vectors in Peak* 

L() c Li c L 2 c • • • 

such that, for any n e Nq, (Peak*)*^”^ = ®v€L ^ “ UneNo ^n- Then Peak* = 

0v€L^-^- ° 
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